We study network-design problems with two different design objectives: the total cost of the edges and nodes in the network and the maximum degree of any node in the network. A prototypical example is the degree-constrained node-weighted Steiner tree problem: We are given an undirected graph G(V, E), with a nonnegative integral function d that specifies an upper bound d(v) on the degree of each vertex v ∈ V in the Steiner tree to be constructed, nonnegative costs on the nodes, and a subset of k nodes called terminals. The goal is to construct a Steiner tree T containing all the terminals such that the degree of any node v in T is at most the specified upper bound d(v) and the total cost of the nodes in T is minimum. Our main result is a bicriteria approximation algorithm whose output is approximate in terms of both the degree and cost criteria-the degree of any node v ∈ V in the output Steiner tree is O(d(v) log k) and the cost of the tree is O(log k) times that of a minimum-cost Steiner tree that obeys the degree bound d(v) for each node v. Our result extends to the more general problem of constructing one-connected networks such as generalized Steiner forests. We also consider the special case in which the edge costs obey the triangle inequality and present simple approximation algorithms with better performance guarantees.
Introduction and Motivation.
Several problems in the design of communication networks can be modeled as finding a network obeying certain connectivity specifications. For instance, the network may be required to connect all the nodes in the graph (a spanning tree problem), a specified subset of the nodes in the graph (a Steiner tree problem), or only to interconnect a set of pairs of nodes (a generalized Steiner forest problem). The goal in such network-design problems can usually be expressed as minimizing some measure of cost associated with the network. Several examples of such cost measures have been considered in the literature. For example, if we associate costs with edges and nodes that can be used to build the network, then we may seek a network such that the cost of construction is minimized. This is the minimum-cost network-design problem and has been well studied. A notion of cost that reflects the vulnerability of the network to single point failures and the amount of load at a given point in the network is the maximum degree of any node in the network. Minimizing this cost gives rise to the minimum-degree network-design problem, which has also been well studied. Another common cost measure is the maximum cost of any edge in the network. This goal falls under the category of bottleneck problems that have also received considerable attention.
Finding a network of sufficient generality and of minimum cost with respect to any one of these measures is often NP-hard [13] . Hence much of the work mentioned above focuses on approximation algorithms for these problems. However, in applications that arise in real-world situations, it is often the case that the network-design problem involves the minimization of more than one of these cost measures simultaneously [9], [16] .
In this paper we concentrate on two objectives: (i) the degree of the network and (ii) the total cost of the network. Typically, our goal will be to find networks of minimum cost subject to degree constraints. For example, consider the following problem: Given an undirected graph G = (V, E) with nonnegative costs on its edges and an integer b ≥ 2, find a spanning tree in which the maximum degree of any node is at most b and the total cost is a minimum. Such degree-constrained minimum-cost network problems arise in diverse areas such as VLSI design, vehicle routing, and communication networks. For example, Deo and Hakimi [8] considered this problem in the context of back-plane wiring among pins, where no more than a fixed number of wires can be wrapped around any pin on the wiring panel. In communication literature, this problem is commonly known as the teleprocessing design problem or as the multidrop terminal layout problem [2] . Here, we investigate the complexity and approximability of a number of such degree-constrained minimum-cost network-design problems. The main focus of our work is to develop a general technique for constructing near-optimal solutions to such problems.
The remainder of the paper is organized as follows. Section 2 contains basic definitions and formal statements of the problems considered in this paper. It also discusses a framework for evaluating approximation algorithms. Section 3 summarizes the results in the paper. Section 4 discusses related work. In Section 5 we present our algorithm for degree-bounded node-weighted networks. In that section we also discuss an extension of the algorithm to networks represented using proper functions. In Section 6 we outline the algorithms with improved performance and running times for constructing networks when restricted to input graphs obeying the triangle inequality. Section 7 contains negative results on the approximabilities of some problems. Finally, Section 8 discusses some implications and directions for future research.
Basic Definitions and Problem Formulations.
Following the framework developed in [21], a generic bicriteria network-design problem, denoted by (A, B, S) , is defined by identifying two minimization objectives, denoted by A and B, from a set of possible objectives, and specifying a membership requirement in a class of subgraphs, denoted by S. The problem specifies a budget value on the first objective (A) under one cost function, and the goal is to find a network having the minimum possible value for the second objective (B) under another cost function, such that this network is within the budget on the first objective. The solution network must belong to the subgraphclass S.
